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Temporally and spectrally resolved dynamics of optically excited carriers in graphene has been
intensively studied theoretically and experimentally, whereas carrier diffusion in space has attracted
much less attention. Understanding the spatio-temporal carrier dynamics is of key importance for
optoelectronic applications, where carrier transport phenomena play an important role. In this
work, we provide a microscopic access to the time-, momentum-, and space-resolved dynamics of
carriers in graphene. We determine the diffusion coefficient to be D ≈ 360cm2/s and reveal the
impact of carrier-phonon and carrier-carrier scattering on the diffusion process. In particular, we
show that phonon-induced scattering across the Dirac cone gives rise to back-diffusion counteracting
the spatial broadening of the carrier distribution.
The time- and momentum-resolved carrier dynamics
in graphene is meanwhile well understood1–7, but there
have been only a few studies on spatio-temporal dynam-
ics and diffusion in graphene8–10 and other low dimen-
sional materials, such as carbon nanotubes11 and tran-
sition metal dichalcogenides12–15. Kulig et al. studied15
the exciton diffusion in WS2 and determined that the
diffusion coefficient varies over two orders of magni-
tude with respect to the pump fluence. In graphene,
pump-probe experiments performed at relatively high
pump fluences16,17 demonstrated a diffusion coefficient
of D = 250 ± 140 cm2/s on a picosecond timescale after
optical excitation. The diffusion of photoexcited carriers
has been studied theoretically18 with an effective Boltz-
mann approach, where many-particle scattering has been
only considered with relaxation rates.
However, a full microscopic view on the spatio-temporal
dynamics revealing the interplay between diffusion and
momentum- and time-dependent scattering processes is
still missing.
Exploiting the density matrix formalism19,20 and
the Wigner representation21, we provide microscopic
insights into the temporally, spectrally, and spa-
tially resolved dynamics of optically excited carriers
in graphene including carrier diffusion, carrier-light,
carrier-phonon, and carrier-carrier scattering processes
on the same microscopic footing, cf. Fig. 1. In
particular, we determine the diffusion coefficient and
show that the diffusion process can be tuned with
experimentally accessible knobs, such as pump flu-
ence, substrate and temperature. Furthermore, we
reveal how carrier-phonon scattering counteracts the
diffusion through efficient scattering across the Dirac
cone resulting in an efficient back-diffusion, cf. Fig. 1(b).
Theoretical approach: We consider a graphene sheet
under local optical excitation (red arrows in Fig. 1).
The optically excited carriers relax to lower energies via
Coulomb- (orange arrows) and phonon-induced scatter-
ing (green arrows). The inhomogeneous optical excita-
tion creates spatial gradients in the carrier density, giving
rise to diffusion of carriers (purple arrows). To obtain mi-
croscopic access to the spatio-temporal dynamics, we de-
Figure 1. Spatio-temporal carrier dynamics in
graphene. (a) Optically excited carriers in spatial region
II diffuse to regions I and III. (b) Many-particle scattering
leads to relaxation in momentum space in each spatial re-
gion. Back-scattering via carrier-phonon processes and the
resulting back-diffusion counteracts the spatial distribution
of carriers.
rive a set of coupled equations of motion for the electron
occupation probability ρv/ck = 〈a†k,v/cak,v/c〉, the micro-
scopic polarization pk = 〈a†kvakc〉, and the phonon num-
ber njq = 〈b†qjbqj〉. Here, the creation and annihilation
operators a†kv/c and akv/c with momentum k are used for
electrons in the valence or conduction band (v, c), while
the hole occupation probability is given by ρhk = 1− ρvk.
The corresponding phonon operators are b†qj , bqj with
the phonon mode j and the phonon momentum q.
To introduce spatial effects, we transform the occupa-
tion probability into the Wigner formalism22,23. Here,
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2we consider fluctuations of the occupation probability
ρ
v/c
k,q = 〈a†k−q/2,v/cak+q/2,v/c〉 and perform the Fourier
transformation with respect to the momentum difference
q resulting in the Wigner function
fλk (r) =
∑
q
eiqrρλk,q (1)
with λ= e, h denoting electrons in the conduction band
and holes in the valence band. Note that the Wigner
function fλk (r) is a quasi-probability function, i.e. fλk (r)
can be negative. Nevertheless, integration over r or k
gives the actual distribution in momentum space or the
carrier density in real space, i.e. ρλk = 1/A
∫
dr fλk (r) or
n(r) = 1/A
∑
kλ f
λ
k (r) with A as the area of the graphene
sheet.
The carrier dynamics is determined by a many-particle
Hamilton operatorH, where we take into account the free
carrier and phonon contribution H0, the carrier-carrier
Hc-c and the carrier-phonon Hc-ph interaction accounting
for Coulomb- (orange arrows) and phonon-induced scat-
tering (green arrows), and the carrier-light coupling Hc-l
(red arrows) that is treated on a semi-classical level. De-
tails on the contributions of the many-particle Hamilton
operator including the calculation of the matrix elements
can be found in Refs. 1 and 5.
Exploiting the Heisenberg equation of motion, we
derive the equation of motion for the carrier fluc-
tuation ρλk,q. Taking into account the free-particle
Hamilton operator H0 leads to i~ρ˙λk,q =
(
ελk+q/2 −
ελk−q/2
)
ρλk,q with the electronic dispersion ελk. To de-
termine an equation for the Wigner function we per-
form a Fourier transformation resulting in i~f˙λk (r) =∫
dr′
∑
q
(
ελk+q/2 − ελk−q/2
)
eiqr
′
fλk (r − r′). To simplify
this integro-differential equation we expand the Wigner
function to the first order fλk (r−r′) ≈ fλk (r)−r′∇r fλk (r).
By using r′eiqr′ = −i∇qeiqr′ and shifting the q-
derivative to the electron dispersion via partial integra-
tion, the r′-integral depends only on the exponential
function resulting in δk,q, whereby the zeroth order of
the expansion of the Wigner function vanishes. Finally,
the equation of motion for the Wigner function for the
free Hamilton operator reads
f˙λk (r, t) = −
1
~
∇k ελk · ∇r fλk (r, t). (2)
To derive the equations of motion for the Wigner func-
tion, the polarization and the phonon number with the
full Hamilton operator we make the following assump-
tions: (i) We consider diffusion processes in the polar-
ization to be small, since the latter quickly decays in
momentum space and vanishes directly after the optical
excitation5. In contrast, the relaxation of carriers occurs
on a picosecond timescale which is comparable to diffu-
sion processes, and therefore the diffusion term can not
be neglected in the equation for the Wigner function. (ii)
We also neglect the phonon diffusion, since it is expected
to be much slower than the electronic diffusion due to
the flat phonon dispersion. (iii) We expect scattering
processes between different spatial positions to be small
compared to the diffusion. Now, using the Heisenberg
equation of motion, we derive the full spatio-temporal
graphene Bloch equations in second-order Born-Markov
approximation
f˙λk (r, t) = Γinkλ(r, t) fˆλk (r, t)− Γoutkλ (r, t) fλk (r, t) (3)
+ 2 Im
[
Ωvc,∗k (r, t)pk (r, t)
]− ∇k ελk
~
· ∇r fλk (r, t),
p˙k(r, t) = i∆ωk(r, t)pk(r, t)−iΩvck (r, t)f¯k(r, t), (4)
n˙jq(r, t) = Γemqj (r, t)nˆjq(r, t)−Γabqj(r, t)njq(r, t)−γphn¯jq(r, t)
(5)
with the abbreviations fˆλk (r, t) = 1 − fλk (r, t), f¯k(r, t) =
fek(r, t)+fhk (r, t)−1, nˆjq(r, t) = njq(r, t)+1, and n¯jq(r, t) =
njq(r, t) − njq,B with the initial Bose-distribution for
phonons njq,B. The equations describe the time-,
momentum- and space-resolved coupled dynamics of elec-
trons/holes, phonons, and the microscopic polarization.
The dynamics of electrons in the conduction band and
holes in the valence band is symmetric, but has different
initial conditions for doped graphene samples. The ap-
pearing Rabi frequency is defined as Ωvck (r, t) = i e0m0M
vc
k ·
A(r, t) with the free electron mass m0, the vector po-
tential A(r, t), and the optical matrix element Mvck =〈kv|∇k|kc〉. Since we study the carrier dynamics close
to the Dirac point, renormalization effects can be ne-
glected. Furthermore, we have introduced ~∆ωk(r, t) =
(εvk− εck + iγk(r, t)) with the electronic dispersion ελk and
the dephasing rate γk(r, t). The time-, momentum- and
spatial dependent dephasing γk(r, t) and in- and out-
scattering rates Γin/outkλ (r, t) include carrier-carrier and
carrier-phonon scattering channels. The dynamics of the
phonon number njq(t) is driven by the emission and ab-
sorption rates1,5 Γem/absqj (r, t). The constant γph is the
experimentally determined phonon decay rate24. More
details on the appearing many-particle scattering and de-
phasing rates can be found in Refs. 1 and 5. In this
work, we assume that graphene lies on a SiC-substrate
and is surrounded by air on the other side. This is taken
into account by introducing an averaged dielectric back-
ground constant25 εbg = 12
(
εs + 1
)
, where εs = 9.66 is
the static screening constant of the substrate, while 1 de-
scribes the dielectric constant of air. Furthermore, the
internal many-particle screening is taken into account by
calculating the static limit of the Lindhard equation19,26,
which screens the Coulomb matrix elements.
The derived set of equations resemble the semicon-
ductor Bloch equations for spatial homogeneous sys-
tems (cf. Refs. 1 and 5) up to the additional term
∇k ελk/~ ·∇r fλk (r, t), which describes the diffusion of car-
riers in the direction ∇kελk ∝ ek = k/|k|. As a result,
carriers with different sign in momentum move in oppo-
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Figure 2. Spatio-temporal dynamics. (a) Carrier density
n(x, t) is shown as a function of time and position after a lo-
cal optical excitation centered at x = 0. (b) Carrier density
normalized to the maximal density at each time step to high-
light the diffusion of carriers. (c) The square of the width w
of the spatial distribution is a measure for the diffusion coef-
ficient D. (d) Diffusion coefficient as a function of different
pump fluences, substrates and temperatures. The x-axis is
normalized to the maximal value of the respective parameter.
site directions generating locally asymmetric carrier dis-
tributions in momentum space and resulting in a local
current j(r, t) = − 4e0vFA
∑
kλ f
λ
k (r, t) ek with the Fermi
velocity vF. The sum contains both electrons in the con-
duction band and holes in the valence band and in a spa-
tially homogeneous system, the mean current vanishes.
Spatio-temporal dynamics: Now, we numerically eval-
uate the spatio-temporal graphene Bloch equations and
investigate the interplay of diffusion and relaxation pro-
cesses after optical excitation. We excite carriers with an
optical pulse with a Gaussian profile both in time and
space. We chose typical values for pulse characteristics
including a temporal FWHM of 115 fs, a spatial FWHM
of 265nm, an excitation energy of 1 eV and a pump flu-
ence of 1µJ/cm2. The temporally and spatially depen-
dent carrier density n(x, t) is shown in Fig. 2 (a). The
diffusion of carrriers is reflected in the broadening of the
carrier density in space. Normalizing the density for each
time step, the broadening becomes more visible (Fig. 2
(b)), since phonon- and Auger-driven interband processes
give rise to a reduction of carriers with increasing time.
To quantify the diffusion and to estimate the diffusion
coefficient for graphene, we fit the carrier density with a
Gaussian exp(−x2/w2(t)) for every time step. The tem-
poral evolution of the width w(t) is depicted in Fig. 2 (c).
It is connected to an effective diffusion coefficient D via27
w2(t) = w20 + 4D t resulting in D ≈ 360 cm2/s for the
investigated graphene sample on a SiC substrate. Our
results fit well to the experimentally obtained values17
for the diffusion coefficient of D = 250 ± 140 cm2/s.
The obtained values for the diffusion coefficient can be
also translated into an effective mobility µ by using the
Einstein relation28 µ = e0D/(kBT ). At room temper-
ature, we obtain a carrier mobility of approximately
14000 cm2/Vs which is in the range of experimentally re-
ported values29,30. In Fig. 2 (d) we show the influence of
pump fluence, substrate and temperature on the diffusion
coefficient. We find that the temperature has the largest
impact. The underlying processes will be discussed be-
low.
Now, we investigate the impact of different scattering
mechanisms on the diffusion process, cf. Fig. 3. We
start with the case without any scattering channels just
considering the electron-light interaction. After the op-
tical excitation, carriers with positive/negative momenta
diffuse in opposite spatial directions according to the dif-
fusion term in Eq. (3). After approximately 100 fs the
carrier separation becomes visible, as the intial carrier
density distribution splits into two pronounced peaks of
the same width but with half of the amplitude, cf. Fig.
3 (a). Including the carrier-phonon scattering, we ob-
serve a strongly reduced spatial broadening of the carrier
density and no splitting appears (Fig.3 (a)). Phonon-
induced relaxation processes counteract the diffusion via
back-scattering across the Dirac cone and the following
back-diffusion (cf. Fig. 1). The impact of carrier-phonon
scattering will be further microscopically resolved in the
next section. Including only the carrier-carrier scatter-
ing, the density diffuses with the same speed as in the
case without any scattering channels (cf. Fig. 3 (c)).
This is a consequence of the symmetry of Coulomb ma-
trix elements, which favor parallel scattering31,32. Scat-
tering across the Dirac cone is relatively inefficient and
back-scattering is even forbidden. In contrast to the case
without scattering, the spatial region between the two
peaks contains a non-zero density. This reflects the weak
but not vanishing Coulomb scattering processes bringing
carriers from one to the other side of the Dirac cone.
Carrier-phonon dynamics: To get a thorough un-
derstanding of the microscopic processes governing the
spatio-temporal carrier dynamics, we investigate the
spectral and spatial behaviour of the Wigner function for
different times. We start with the interplay of diffusion
and carrier-phonon scattering processes. The optically
excited carriers scatter via optical phonons to lower en-
ergies and form enhanced carrier occupations separated
by the energy of optical phonons (red regions in Fig. 4
(a)). Diffusion processes lead to a spatial broadening of
the carrier distribution and after approx. 1ps the carri-
ers have relaxed to lower energies close to the Dirac point
(Fig. 4 (b)).
To investigate the impact of diffusion in more detail
we performed the same calculation twice, but in the
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Figure 3. Impact of scattering channels on diffu-
sion. (a) After optical excitation the carriers on Dirac cone
branches with different sign of momenta diffuse in opposite
directions. (b) Carrier-phonon scattering counteracts the dif-
fusion and the broadening of the distribution due to back-
scattering between Dirac cone branches and the following
back-diffusion (Fig. 3 (c)). (c) Carrier-carrier scattering does
not effectively counteract the diffusion, since parallel scatter-
ing is preferred by the Coulomb matrix elements. Thus, one
can still clearly observe the spatial separation of carriers with
opposite momentum.
second computation we excluded diffusion processes.
Illustrating the difference of both calculations, i.e. i.e.
fk(x)−fk(x)no diff, we can directly observe the impact of
diffusion on carrier-phonon scattering (Figs. 4 (c)-(d)).
As already discussed in the theory section carriers with
positive/negative momentum diffuse in opposite spatial
direction. This behaviour is illustrated in Fig. 4 (c),
where carriers with positive momentum diffuse from
x < 0 positions (orange spots) to x > 0 positions (red
spots). After 1ps the carriers have already relaxed to
energies close to the Dirac cone and below the optical
phonon energy. Consequently, the scattering with
acoustic phonons becomes dominant. Due to the flat
dispersion of acoustic phonons with respect to the Dirac
cones back-scattering across the Dirac cone is preferred,
such that carriers with positive momenta are scattered
to negative momenta and vice versa (Fig. 1). The
inversion of momenta results in a back-diffusion, such
that the overall carrier distribution stays bunched in
space, cf. Fig. 3 (b). The back-diffusion is shown in
Fig. 4 (d) by the the multiple sign change in the colored
regions (red to orange to red).
Carrier-carrier dynamics: Now, we investigate the
impact of carrier-carrier scattering on diffusion of op-
tically excited carriers. An important aspect here is
-0.5
0
0.5
k x
[n
m
-1
]
-2
-1
0
1
2
f~ k
(x
) 
[1
0-
2 ]
-1 -0.5 0 0.5 1
position x[µm]
-0.5
0
0.5
k x
[n
m
-1
]
(c) 0ps
-1 -0.5 0 0.5 1
-4
-2
0
2
4
f k
(x
) 
- 
f
no
 d
if
f
k
(x
) 
[1
0-
3 ]
(d) 1ps
(b) 1ps
x5
position x[µm]
(a) 0ps
back-diffusion
back-
scatt.
back-diffusion
back-
scatt.
Figure 4. Impact of carrier-phonon scattering. (a)-
(b) Wigner function is shown in dependence of space and
momentum for two fixed times. Time 0 ps corresponds to
the maximum of the optical excitation pulse. Note that
we plot here the change in the Winger function with re-
spect to the intial time t0 before the optical excitation, i.e.
f˜k(x, t) = fk(x, t) − fk(x, t0). (c)-(d) Illustration of the im-
pact of diffusion by showing the Wigner function minus the
case without diffusion. The overall spatial carrier distribution
becomes broader at larger times due to diffusion. Backscatter-
ing with acoustic phonons leads to additional peaks at lower
energies. Since here the momentum of the carriers is flipped,
they diffuse back resulting in multiple sign changes in (d).
that Auger scattering is efficient giving rise to a carrier
multiplication33–37 that increases the overall carrier den-
sity (note the scale of the color map in Fig. 5 compared
to Fig. 4(a)). This also results in a quick increase of
the carrier distribution close to the Dirac cone already
during the optical excitation (Fig. 5(a)). Since electrons
and holes diffuse in the same direction, the conditions
for carrier multiplication are still satisfied after the diffu-
sion. The directional dependence (in momentum space)
for intraband carrier-carrier scattering is determined by
the Coulomb matrix element that includes a form fac-
tor proportial to1 1 + eiϕ with the scattering angle ϕ.
This means that parallel scattering (ϕ = 0) is the prefer-
able scattering channel, and that for the back-scattering
(ϕ = pi) the amplitude of the Coulomb matrix element
completely vanishes. As a result, scattering processes
across the Dirac cone that change the sign of the car-
rier momentum (and lead to a back-diffusion) are inef-
ficient. As a result, carriers with positive/negative mo-
menta remain separated with respect to their spatial po-
sition - similarly to the case without any scattering (Fig.
3(a)). Figure 5 (b) illustrates that carriers with posi-
tive/negative momenta are mainly distributed towards
positive/negative spatial positions.
Tuning the diffusion: Now, we can explain the depen-
dence of the diffusion coefficient on pump fluence, sub-
strate and temperature shown in Fig. 2 (d). We find
that the diffusion becomes less efficient with the increas-
ing pump fluence (blue curve). Here, more carriers are
excited resulting also in an increased number of emit-
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Figure 5. Impact of carrier-carrier scattering. The same
as Fig. 4, but now only including the carrier-carrier instead
of carrier-phonon scattering. Coulomb interaction is most
efficient for parallel scattering along the Dirac cone in the
momentum space. As a result, carrier-carrier scattering does
not efficiently counteract the diffusion of carriers in opposite
direction as clearly observed in (b).
ted phonons. Thus, hot-phonon effects become impor-
tant, i.e. an increasing number of phonons can be reab-
sorbed in back-scattering processes giving rise to addi-
tional channels for back-diffusion. Furthermore, we find
that the diffusion coefficient is nearly independent of the
substrate (red curve) entering in our calculations through
the screening of the Coulomb potential. This is not sur-
prising, since Coulomb-induced scattering processes have
been shown to only play a minor role for the diffusion of
carriers, cf. Fig. 3. Finally, we observe that the diffusion
can be most efficiently tuned by varying the temperatures
(orange curve). The lower the temperature, the weaker
the carrier-phonon scattering, the less efficient is back-
scattering and back-diffusion resulting in a considerably
increased diffusion coefficient.
In summary, we provide a microscopic view on the spatio-
temporal carrier dynamics in graphene based on the den-
sity matrix formalism in Wigner representation. We
investigate the interplay of diffusion and many-particle
scattering processes after a local optical excitation. In
particular, we determine a diffusion coefficient of D ≈
360cm2/s that agrees well with recent experimental val-
ues. Furthermore, we reveal that carrier-phonon scatter-
ing across the Dirac cone and the resulting back-diffusion
are crucial ingredients to understand the spatial broad-
ening of the carrier distribution. The gained insights are
important e.g. for graphene-based photodetectors38–42,
that are governed by the thermoelectric effect, which re-
lies on spatial temperature gradients.
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